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Abstract 

The overall values of the conventional discrepancy 
indices based on structure amplitudes [i.e. R(F)] and 
intensities [i.e. R(I)] are evaluated as functions of the 
mean positional error (IAgl) and the fractional contri- 
bution of the known atoms to the local mean intensity 
(i.e. 02) for crystals containing a large number of 
similar atoms. The results are tabulated for both the 
centrosymmetric and non-centrosymmetric cases. 

1. Introduction 

The use of discrepancy indices in the various stages of 
crystal structure analysis is well known. Of the various 
indices that have been proposed (Srinivasan & 
Parthasarathy, 1976; hereafter SP, 1976), the conven- 
tional discrepancy indices [denoted by R(F) and R(I)] 
are the ones normally computed in crystallographic 
programs. Wilson (1950) worked out the maximum 
probable values of R(F) for centrosymmetric and non- 
centrosymmetric (hereafter C and NC) cases when the 
trial structure is of the unrelated complete (i.e. 02 = 1)t 
type. He also considered the effect of a single badly 
misplaced atom on R(F) and R(I)  when the trial 
structure is of the complete type (Wilson, 1969). 

* Contribution No. 485. 
t See § 2 for a definition of o 2. 
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Luzzati (1952) considered the effect of random posi- 
tional errors on R(F) and obtained R(F) as a function 
of sin 0 for different fixed values of the mean positional 
error (IArl). His results, however, apply only for a 
complete model (i.e. 02 = 1). Srinivasan, Raghupathy 
Sarma & Ramachandran (1963) worked out the values 
of R(F) for two limiting situations, namely, the related 
(i.e. (IArl) = 0) and the unrelated (i.e. (IArl) very 
large) cases and their results apply to a complete as well 
as an incomplete type oftrial structure (i.e. 0 < a 2 < 1). 
Thus the overall values of R(F) and R(I)  [denoted by 
R(F) and R(I), respectively] applicable for the general 
case of an imperfectly related (i.e. (IArl) finite) 
incomplete (i.e. 0 < o 2 < 1) type are not available. 
These overall values are important because: (1) 
crystaUographers judge the correctness of trial struc- 
tures generally from the overall values of the conven- 
tional R indices computed with all the observed 
independent reflections as a single group; (2) the trial 
structures met with in practice are such that they often 
account for only part of the structure (i.e. o 2 < 1) and, 
further, they involve atoms with random positional 
errors. In the presence of random positional errors the 
R indices are expected to be monotonically increasing 
functions of (sin 0)/2 (hereafter S). In this paper we 
shall therefore obtain the theoretical overall values of 
R(F) and R(I)  as functions of 02 and (IArl) for the 
general case of an imperfectly related incomplete 
model. The results obtained here are applicable only for 
crystals containing similar atoms. 

© 1979 International Union of Crystallography 
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2. Theoretical considerations 

Consider a crystal (C or NC) consisting of N atoms in 
the unit cell of which P are known. Let ( Id r l )  be the 
mean positional error of the P atoms of the trial 
structure. Let I FNI and i F~l be the structure factor 
magnitudes of a reflection H for the crystal and trial 
structures respectively. Let I N (= I FN 12) and I~, 
(= IF~,I 2) be the corresponding intensities, a 2, denoting 
the fractional contribution to the local mean intensity 
from the P atoms of the trial structure, is defined by 

where 

2 2 a~ ---- ak/a N, ( 1 ) 

2 ~ f 2  k t , : N o r P .  (2) O'tlt. ~ 

k = l  

2 tt f 2  ( i t  = N Since for a structure with equal atoms a,, -- 
or P), we can write 

a21 = P/N, (3) 

which is independent of S. The normalized structure 
amplitudes YN and y~ and the corresponding intensities 
z N and z~ are defined by 

z N = y~= IFNI21a 2, 

z~, = [y~]2 = iF~12/a2. (4) 

We shall presently derive the theoretical expression 
required for the evaluation of /~(F) .  Since the corre- 
sponding expression for R(I)  can be derived by a 
similar method we shall give only the final result for this 
case. 

The overall value of the conventional discrepancy 
index based on structure amplitudes is defined by 

R(F) ~ [IFd- IFgl l = , (5) 
Y IF,/ 

where the summations are over all the independent 
observed reflections. If the reflections are divided into 
groups based on the values of S, we can rewrite (5) as 

~. ~. ]IFNI- IFf, ll, j 

R ( F ) =  j ' , (6) 
Z Y IFNI,j 
j l 

where the summation over i is carried out over 
reflections in a given range of S and that over j is 
carried out over the various ranges of S. Making use of 
the variables YN and yg [see (4)], we can rewrite (6) as 

Z aNy Z lyN--a,~l,y 
/~(F)--  y l , (7) 

~, aNY ~, Ymg 
j l 

where ONy denotes the value of a N in the j th  range of S. 

In writing (7) we have taken the value of o N for all 
reflections in a given range of S to be constant and this 
would be practically true when the range of S is 
sufficiently small. If nj denotes the number of reflections 
in the j th  range of S, we can rewrite (7) as 

~. ONjnj(l YN-- O~ y~I )j 

/~(F) = j (8) 
Z aNjnj (YN) j  
J 

For a crystal with similar a t o m s  (YN) can be obtained 
from the Wilson (1949) distributions as 

(YN) = (2/n) 1/2 for C, 

= (~r/2) ~/2 for NC, (9) 

and thus (YN) is independent of S. For equal atom 
structures we can take a 2 to be N f  2. We can therefore 
rewrite (8) as 

~ fynjRj(y)  

/~(F) = j , (10) 
~. f jn j  
J 

where Rj(y) is the value of R(y) in the j th  interval of S 
and R(y) is defined by 

(lYN-- aly~el) 
S(y)= (11) 

(YN) 

If we make the partitioning of the whole range of S into 
infinitesimally small intervals, then the summation can 
be replaced by an integration. The number of reflections 
in the range between S and S + dS will be propor- 
tional to the volume 4rd-/2dH of reciprocal space 
between shells of radii H and H + dH  where H = 2S. 
This volume is evidently 32~$2dS.  If the data consist 
of reflections in the range 0 < S < Sma x we can rewrite 
(10) as 

S max 

f f ( S ) S 2 R ( y ) d S  

R ( F ) =  o (12) 
Smlix 

f f ( S ) S E d S  
o 

From the results of Srinivasan & Ramachandran 
(1965), R(y) defined in (11) can be interpreted as an R 
index for a point atom structure taking into account the 
incompleteness of the trial structure. From (1 l) it is 
clear that R(y) can be evaluated from a knowledge of 
the joint probability density function (hereafter pdf) of 
YN and Sp as 

oo oo 1;f 
R ( y ) = ~  lyN--O~.I~pl P(yN,3'C~)dYNd3,~, (13) 

p -  
0 0 
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where ,8 is the value of  (y~)  as given in (9). The 
function P(Y~,Y~e) for the C case is known to be 
(SP, 1976) 

where 

and 

2 [ ,  
P(.V~,.Up) = 7ttrn exp 2tr2 0 '2 + y 

x cosh [ o yN ] 
t 

(14) 

a ~ = a , D ,  a n = ( 1 - a ~ ) ½ ,  (15) 

D = exp (--z~ ~ $2< IArt >2). (16) 

The function P(y~,.l~e) for the NC case is (SP, 1 9 7 6 )  

p(yN,yCp)--4y~yCeexp[ (y2+y~/)]Io[20~NYCe_ ] 
(17) 

where I 0 is the modified Bessel function of  the first kind 
of order zero. Substituting (14) [or (17) for the NC 

case] in (13) and carrying out the resulting integrations 
we can obtain the value of  R0').  However, it is not 
possible to evaluate the integrals in (13) in a closed 
form. Numerical evaluation of  (13) can be facilitated 
by changing the variables to 

u = y / ( 1  + y~), v =y~/(1 + ~ ) .  (]8) 

We can then rewrite (13) as 

' /I ] R 0 " ) =  - - l _ u  - - c r ~  1 - - u '  1 - - v  
o 

du dv 
x , ( 1 9 )  

(1 - u) 2 (1 - v) 2 

where we have to use (14) or (17) according as the 
crystal is C or NC, respectively. From (19) and (14) it 
is clear that R 0") depends on tr: and D. For a given trial 
structure, a 2 is a fixed quantity. Hence, for a fixed value 
of  a 2 the integrals in (19) can be evaluated numerically 
for different fixed values of D, say D = 0 ,  0 .01,  
0 .02  . . . .  , 1.0. From the values of R0')  thus obtained, 
the overall value /?(F) for a given trial structure (i.e. 
(IArl > fixed) can be worked out as explained below. 

Table 1. Value of R(F) as a function of o~ and <mArl >: 
centrosymmetric case 
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Since a given trial structure of a crystal is charac- 
terized by fixed values of a I and (IArl), for the 
evaluation of R(F) from (12), al and (IArl) are to be 
treated as fixed quantities. The integral on the right- 
hand side of (12) is to be evaluated numerically. For 
this the values of R(y) are needed at discrete values of 
S. This can in turn be obtained by first calculating the 
relevant values of D from (16) and then by 
interpolation. 

The overall value of the conventional R index based 
on intensities is defined by 

k ( I )  Y ~ N -  I~ 
= (20) 

By following a procedure similar to that employed for 
R(F) and using the known result that (y~) = 1 it can 
be shown that 

.-,~ m a x  

f f f ( S ) S 2 R ( z ) d S  
R ( I ) -  0 , (21) 

sm,x 
f f 2 ( S ) S 2 d S  
o 

where 

R(z)=(Ly  2-',.,e'~2''e2t)= ~ - ° ~  l l - v j  ] 
0 o 

× P ,  (22) 
1--U ' 1--V ( l - - u )  2(1-12)2" 

The procedure for the evaluation of/~ (I) for any given 
trial structure is similar to that discussed earlier for 
/~(F). 

3. Discussion of the theoretical results 

The overall values of R(F) and R(I)  as functions of Ol 2 
and (IArl) (in A) were evaluated by the procedure 
discussed in § 2 by taking f in (12) and (21) to be the 
scattering factor of the C atom. Sma X in (12) and (21) is 
taken to be 0.6485 which is the maximum value of 
(sin 0)/2 corresponding to Cu K ,  radiation. The results 
thus obtained for/~(F)  and/~(I)  are given in Tables 1 
and 2 respectively for the centrosymmetric case, and in 
Tables 3 and 4 for the non-centrosymmetric case. Since 
a major portion of an organic or a biomolecule is 
composed of C atoms and since the scattering powers 
of O and N are comparable with C, these results could 
be expected to hold good for organic crystal structures. 
A study of these tables shows that R(I) would be 
preferable to /~(F) particularly in the conventional 
refinement stage. 

MNP thanks the University Grants Commission, 
New Delhi, India for financial assistance. 
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Abstract 

First-order TDS calculations have been made for 
naphthalene at 100 K to judge the suitability of 
different models for calculating TDS corrections used 

0567-7394/79/040675-10501.00 

in practice. It appears that a long-wave model which 
takes account of the non-linearity of the frequency 
dispersion, gives about the same corrections for 
structural parameters as the lattice dynamical model for 
rigid body molecules and harmonic vibrations. Long- 
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